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CERN’s Large Hadron Collider (LHC) for New Physics

Simulation of Higgs
event at CMS detector

= LHC generates 50,000 TB of data per year that may reveal new

theories Georgia Karagiorgi et al. (2022) Machine learning in the search for
new fundamental physics, Nature Review Physics, 4(6):399-412

Slide credit: Dr. Cheongjae Jang
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How Many Collisions for Data Production?

the LHC?
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How Many Collisions for Data Production?

roton-beams-collide-
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How Many Collisions for Data Production?

« Each beam consists of nearly
3000 bunches of particles and
each bunch contains as many
as 100 billion particles.

* The particles are so tiny that
the chance of any two colliding
Is very small. When the
bunches cross, there are up to
40 collisions between 200
billion particles.

https://www.freepik.com/free-vector/realistic-two-lights-collision-

effect 4921513 .htm#from_view=detail alsolike
« Bunches cross on average

about 30 million times per
second, so the LHC generates
about 1 billion particle collisions
per second.
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https://www.freepik.com/free-vector/realistic-two-lights-collision-effect_4921513.htm#from_view=detail_alsolike

Central Dogma and Amino Acid

, Primary Protein Structure
is a sequence of a chain of amino acids

T®
Acidic
carboxy

NG Amino Acid

Ribosome and amino acid synthesis

Secondary Structure

B-Sheet (3 strands) a-helix Three-dimensional structure
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https://en.wikipedia.org/wiki/File:Protein_translation.gif

Protein Structure Prediction

Amino acid sequence Backbone of Tertiary Structure

https://www.ebi.ac.uk/training/online/courses/protein-classification-intro-ebi-resources/protein-classification/
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Protein Data Bank

I Number of Structures Released Annually [ Total Number of Entries Available
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15000 Total number of structures released: 206,239
Number of structures released in 2022: 14,282
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* Learning and generalization

« Bayesian approach for generalization

« Basic Bayesian formulations
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Generalization of the Stimuli

« Classic research based on training & transfer with
animals

e Guttman & Kalish (1956)
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« Generalization strength depends on perceived
similarity between stimuli (Shepard, 1957, 1987)
Slide credit: Matt Jones
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Universal Law of Generalization /' 3§

« Toward a Universal Law of Generalization for
Psychological Science (Shepard, Science 1987)

— The tercentenary of the publication, in 1687,
of Newton's Principia prompts the question
of whether psychological science has any hope of
achieving a law that is comparable in generality to
Newton’s universal law of gravitation. Exploring the
direction that currently seems most favorable for an
affirmative answer, | outline empirical evidence and
a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

— Psychology'’s first general law should, | suggest, be
a law of generalization.
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Math for Learning

® 0 ©
y =2 o O
* Data (Regularity) @ o ‘ % =1
N O
@

e Prediction

<eRP Y=I 0 ye{l,2,...,C}

y € R
* Learning
» Learn prediction function f(x) € H
from data D

( ‘H: Hypothesis set/Candidate set)

Hanyang University 12
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Assumption: Probabilistic REGULARITY

Data space

D = {x;, yz}fil ~ pl(X),p2(X)

Korea Institute for
Advanced Study
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Assumption: Probabilistic REGULARITY

* Bayes Error

Data space

Korea Institute for
Advanced Study
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Model for Generalization

 Set of candidate functions

H = {hl(X)a hQ(X)a R hN?—L (X)}

In general, Ny is infinite.

— h;(x)can be a prediction function ‘ i “
hi(x) =y |

— h;(x) can be for probability density
hi(x) — p(x)

Kil's Korea Institute for
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ykum,%::‘
=) Hanyang University 15



Model - Confine Hypothesis Space H

« Estimation with large number of data

Optimal solution (%) and the selected
solutions of different realizations

Kil's Korea Institute for
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Model - Confine Hypothesis Space H

 Estimation with small number of data

Optimal solution (%) and the selected
solutions of different realizations
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I have the minimum loss.

My loss 1s almost close to
the minimum loss!!! But
my opinion 1s completely

ignored!
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We all have small
losses, and our opinions
are combined to make
decisions!
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Learning from Real World

« Traditional machine learning algorithm is
considered as glorified curve fitting (by Judea
Pearl).

« We need mathematical tools to learn from a
complex nature.

Train data Test data

560 Tou

KI''s Korea Institute for
Advanced Study
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Computations for Machine Learning

For given model 4/ _ {f(XJQ) ‘ b S @}

« Optimization (Frequentist)
— Find f(x;0%) Sit
0* = argmin >  (f(x:;6) — yi)° + A\ Q(6)

0coO

1=1
* Integration (Bayesian) Who is more
_ Obtain Y from ) respon51ble‘?
Y = argmaXP( x,D) = argmax | P y|x xp O\D )do

Classification

plylx. Dy = [ / y p(y[x, 0)p(6|D)d0dy

Regression
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Optimal Boundary
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True Posteriors

| - 105

* %
‘ -

- .. 0.90
W "‘-

. '“. ) 0.75

. ? 0.60

:. * o
- 045
5 '“'.“ 0.30
i- o
—3{ ® g 0.15
.
_a : : : 0.00

kil Koreanstitute for

) Hanyang University B~ Advanced Study



Train Data and One Sample Boundary
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75,

Data and sample parameters
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One sample max boundary
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Prediction
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Variance
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« Maximum likelihood solution

]

« Maximum A Posteriori solution (Regularized
maximum likelihood solution)

{

« Bayesian inference solution

KI''s Korea Institute for
Advanced Study
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Gaussian Densities

T\
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Gaussian Random Variable
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Gaussian Random Variable

X) = ! ex —lx— Ty—1(x —
P = p (5= )

Principal axes are the eigenvector

directions of )
> u; — )\iu,,;

A1, Ao: eigenvalues

p(x) = p(p) exp (—%)

KIHS Korea Institute for
Advanced Study
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Covariance Matrix and Projection

variance =
w ' Yw

Eui = )\7;117; \

A1, Aot eigenvalues with ||[w]]* = 1

KI''s Korea Institute for
Advanced Study
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PARAMETER ESTIMATION
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Motivation - Parameter Estimation

« Parameter estimation is an optimization
problem

p(x): estimated probability density function,
in other words, density function that fits data the most

KI%]S Korea Institute for
B~ Advanced Study
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Maximum Likelihood Estimation
« Parameter estimation is an optimization
problem
x ~ p(x)
x € RP
p(x) = p(x|p, )
i, & = arg max p(x|u, )
oy 2
Hanyang University 37 KIHS Korea Institute for
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Maximum Likelihood for Gaussian

1 1 Ty—1(y
p(xu,Z)mD|E|éexp(—§(x—u) )

« With optimal parameters satisfying
N

fi, X = arg max p(X |, ¥) arg%lgjxil;[lp(xzw, )

1 & < 1 a ~ ~\T
MZN;&: Z:N;(Xi—#)(xi—ﬂ)

Empirical mean and empirical
covariance are the maximum ‘ 1, >
likelihood solutions. x; € RP

&

Korea Institute for
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Maximum Likelihood for Gaussian

1 1 Ty—1(y
p(xu,Z)mD|E|éexp(—§(x—u) )

[vempocm:ﬁ 6=, 5 ]

N
8lnp(X],u, E) T — i
=0 —p U= X
Op N;
Olnp(X |, Y) 1 &
np My — T — — 77 7T
" =0 B == Z(X@ i) (x; — [i)

kifls Korea Institute for
B~ Advanced Study

L) Hanyang University 39



Maximum A Posteriori (MAP) Estimation

« MAP estimation

0* = arg m@axp(9|X) cf) 60* = arg m@axp(X|9)

» Likelihood (Model):  p(x]|0)

+ Prior; p(0)
« Bayes rule:
p(x[0)p(6)
p(0]x) =
p(x)
"’ Hanyang University 40 kifls Korea Institute for
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Maximum A Posteriori (MAP) Estimation
for Gaussian

_ ! I N
plali) = <o exp (5w — )
N

ji = argmascp(u|X) = argmax ] [ plofe)
1=1

e Let the prior 1 1
p() = N (p0, 02) = exp (——m - W)

\/ 271'0'8 208

* The posterior can be calculated using

p(p| X) oc p(X|p)p(p) = Hp zi|)p(p) ~ N (pn, 07)

KI''s Korea Institute for
Advanced Study
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Maximum A Posteriori (MAP) Estimation
for Gaussian

[T ptestimt) = |T] g 50 (-~ (o = 07?)

KI''s Korea Institute for
Advanced Study



Maximum A Posteriori (MAP) Estimation
for Gaussian

« Posterior density
1/ ,[N 1 1 Mo
I C1GIEET A EOE))

— Caution: Posterior of (&, not the density function of &

« MAPof &t =Meanof £t = HUn

Korea Institute for
43 KIg> Advanced Study




MLE vs. MAP

 For Gaussian
—When N is just a few (say N = 5),

o5 =5,0° =3

25 3
M = 5 5+ 3L T 551 3h0
Dominant
53
n = = 0.54
" = 95+ 3
J Hanyang University 44 KIl\s Koreanstitute for
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MLE vs. MAP

 For Gaussian
— When we have a few outliers

o5 = 5,0° =100

25 100
An = s 5+ 100"™ME T 55+ 100"
Dominant (learn from p()
o5-100
Oy = —
25 + 100
"' Hanyang University 45 kifls Korea Institute for
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MLE vs. MAP

/:L M:O /;LMAP

MML

§¥) Hanyang University

46

KIWS Korea Institute for
Advanced Study




Bayesian Inference (by Integration)

« The final standard method of prediction is to
use Bayesian inference instead of estimating
the parameter point.

— Do not insert a point arap directly but
marginalize.

p(z]X) = / Pl )Pl X ) dp
Z/\/;T?eXp(—%(w—uV)\/;T—U%exp<—%(u—un)2)du

B \/27T(012 To2) ¥ (_ 202 1+ oy (@~ “)2)

:N(ILLn,O'Z +i”21)J

Uncertainty for prediction

Kil's Korea Institute for
Advanced Study
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Inference using Gaussians

T\

%% Hanyang University
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Decomposition for Inference

D,
X = (Xa> Xag € RD 1 = Ha Y Ya 2ab
Xb xp € R™? b 2ba 2
1

1 Ty—1(y _
p(x)mDm%exp(—;x—m )

1
= Cexp (—5 (xq — ZapXy (x5 — Mb))T (0 — ZapXy " Zpa) ' (%0 — SapXy, (%6 — 1))
1 \ 1
—3 (%o — ) 2y (xp — Mb))) Zalp = Ha = Hab2p " Zba

— CeXp <_§(Xa - ,U/a|b)—rzalgl(xa T lua|b)

_%(Xb — ) ' 3y (xp — ub))

KI‘S Korea Institute for
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Decomposition for Inference

D,
X = (Xa> Xag € RD 1 = Ha Y Ya 2ab
Xb xp € R™? b 2ba 2
1

1 Ty—1(y _
p(x)mDm%exp(—;x—m )

= C exp (_%(Xa — Halp(x0)) " B (xa — Nalb(xb))) |

1
C5 exp <_§(Xb — pp) " Sy (% — Mb))

p(x) = p(Xa,Xp) = P(Xa|Xp)p(Xp)

KI''s Korea Institute for

Hanyang University 50 Advanced Study



Gaussian Random Variable - Marginal

(Za Zab)

KI''s Korea Institute for
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Gaussian Random Variable - Conditional

1

1 Ty—1(x _
p(x>=mD|Z|%exp(—§(x—u> )

Xa XQERD“
X = D
Xp xp € R™?

P(Xa|Xp) = N (tajps Zajp)

~ Halb = Ha T Eabzb_l(xb — H«b)

_ Za|b = 2ig — Zabzb_lzba

KI''s Korea Institute for
Advanced Study
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Gaussian Processes — Function Space View

y(x) ~ GP (m(x), k(x,x'))
m(x) = Ely(x)] =0

k(x,x") = E[(y(x) — m(x))(y(x") — m(x'))]
= 01 exp {—9—22”}( — X'||2} + 03 4+ 0,x ' X’

3 . ; . 3 3

C. Bishop (2007) Pattern Recognition and Machine Learning, Springer

kfls Korea Institute for
B~ Advanced Study
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Regression

120 -
115 -
110 - . P

105 - .

= 100

0951 @

090

085 A

0.80 4

—-10 -5 0 5 10 15 20 25
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125 -

100 -

0.75

0.50

0.25 1

0.00 A

—-0.25 1

Hanyang University

55

kifls Korea Institute for
B~ Advanced Study




k]z — k(Xa X’i)
K]@J — k(Xian)
Y]z = y(X@)

kifls Korea Institute for
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"
. 15
. 10
0 1 . 0.5
1 - 0.0
N
-0.5
N
-1.0
L o 1 2B
m(z) =k' K ly ki = k(x,%;)
Kl i = k(x;,%x;)
2 L LT r—1 - v
0% (x) = k(x,x) —k K™k yli = y(xi)
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Bayesian linear regression |

T\

kfls Korea Institute for
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Review - Two Paradigms
Data:
D={x,yi}ie, xeR” y e{l,....,Clory; eR

Model:
f(x;0) € H or p(x|0) € H

« 1) Choose the best fit to the data in terms of L(y, f)

0* = arg ming vazl L(yi, f(xi))

Prediction: vy = f(x;0")

« 2) Choose the best guess with likelihood /\
Likelihood: p(D|6) Prior: p(0)
p(D|0)p(0)

p(D)
Prediction: p(yfx. D) = [ p(y/x: 0)p(6|D)ds

Posterior: p(0|D) =

Hanyang University 60 KI’\S KSLZ%(L%%“;%%;W




Linear Regression

- 1 Y
L(w) = 5 Z | f(xi3w) — w3l |?
1=1

fx;w)=w'x

w* = arg max L(w)

61
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Linear Regression

f(x;w)szX
OL 1 0
O 1 0S| flssw) — il
i=1
al Of(x;; W)
:;(fm,w) i)

XX'w—Xy=0 — w'=(XX")"tXy

o :
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Bayesian Linear Regression

D
\/2#03
Model:
y=w'x+e €e~N(0,07)

= p(ylx,w) =N(y; w'x, o%)
L ()

2
p(w) = Nwi 0, 31) = — L exp (=120
0

vV 2mo? 207
Posterior:
P(Y) Y=Avi,...,yn}
N
< (T o)) -otoe
i=1
Hanyang University 63 Kifls Korealnstitute for
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Posterior:

p(Y|X, w)p(w)

pwlP) = p(Y)

2
1 exp (_ Il ) +<— Quadratic
w.rt. W

The posterior should be in a form of

pwID) = Cexp (5w — ) TEW (W ) )

KI''s Korea Institute for
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1
pID) = € exp (g (w i) 2w o))
i T, o0\ 1 | |
2 | |
2 2 —1
o 1 o
Y = — [ =XX" + I y = ¥i,-- -, yn]
N (N No?2 ) 7’
Target noise (Aleatoric uncertainty)
2 2 —1
o 1 o
— | =XX" + I
N (N_ Nog )
Number of data  Coyariance of x Regularization becomes small with
from 0 large N or small target noise.
\ Hanyang University 65 KIlls Korea Institute for
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Predictive Density

p(ylx, D) = / p(ylx, w)p(W|D)dw

Likelihood:

p(y|x, w) = N(y; w'x, o)

Posterior:
p(wW|D) = N(W; i, Zw)

o]

2 —1
o = (XXT + 0_2[> Xy Sy =
b

ykum,,%‘
&) Hanyang University 66
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Predictive Density

p(ylx, D) = / p(ylx, w)p(W|D)dw

Predictive density has quadratic polynomial w.r.t. y inside exponential
—> Gaussian predictive density

9 —1
Varly|x,D] = 0® 4+ oéx' x — 0 XTX(XTX -+ O—[) X 'x

KI''s Korea Institute for
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Kernelization

Make a matrix K € RV*N ¢ t. (K]ij = X;Xj,

&avector k € RY s.t [k]; =x,x

2 —1
Ely|x, D] = x ' X (XTX + 0—21> y

90
9 —1
o
90
9 —1
2 2, T 2 T T g T
Varly|x,D] =0 +opgx x—opgx X(X X+ 1) X x
o
o2 \ ' ’
=02+ 0lk — ok’ (K+ _2[> k
N 90
X X
&= Hanyang University 68 Kifls Korealnstitute for
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Mapping Data to a High Dimensional Space

« Consider a nonlinear mapping to a higher-
dimensional space

I
\ /\
— @@

|
\

.,'
1
x N iy L1
A ./
N R
~ e

T~ o .-
~N—4 -

9 X

 And consider a function

k(x,z) = ( Tz)2 = (121 + 392212)2 — aclez + 221212929 + :Egzg

( ) ( )qb(x)%(z)
\/55171332 \/5212’2

KI‘S Korea Institute for
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Mercer’s Theorem

A symmetric function K(r,y) can be expressed as an inner product
K(z,y) = (8(2), 6(»))

for some ¢ if and only if K(x,y) is positive semidefinite, i.e.

] K(z,y)g(z)g(y)dzdy = 0 Vg

or, equivalently:
K(zy,21) K(ry,29)

K(xg,xq) - is psd for any collection {z,...x,}

Therefore you can either explicitly map the data with a ¢ and take the dot product, or you can take any
kernel and use it right away, without knowing nor caring what ¢ looks like. For example:

r - 1 —_ 2
e Gaussian Kernel: K(z,y) = ezllz=vll

e Spectrum Kernel: count the number of substrings in common. It is a kernel since it is a dot product
between vectors of indicators of all the substrings.

https://people.eecs.berkeley.edu/~jordan/courses/28 1 B-spring04/lectures/lec3.pdf

W< Korea Institute for
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Mapping Data to High Dimensional Space

« Consider functions k(.,.) to which the corresponding
mapping P(.) exists:

« Condition: if a function k(.,.) iIs positive definite (P.D.),
there exists a mapping function @(.) satisfying

k(x,z) = o(x)' ¢(z) (Mercer theorem)

 Such functions include

k(x,z) = (XTZ + 1)d (Polynomial kernel)
2
X — Z
k(x,z) = exp (—( ) ) (Gaussian kernel)
Y
Hanyang University 71 Kifls Korealnstitute for
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Parameter Space View

kGP(X, Z) — O%kBL(X,Z) -+ 0'25sz

kpr(x,z) = ¢(x) ' ¢(z)

Y = wWi1Q1 + WyPa + ...

A i
Y :
@®_ 9
O ®
. @
/ @ X
X9 X
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Parameter Space View

kGP(X, Z) — O%kBL(X,Z) -+ 0'25sz

kpr(x,z) = ¢(x) ' ¢(z)

Y = wWi1Q1 + WyPa + ...

¢k um,,%::ﬂl
&~ 4 Hanyang University 73
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Carl Edward Rasmussen and Christopher K. I. Williams
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Hanyang University 74 B~ Advanced Study



1. For any questions, let me know.

:f 2. Interested in PostDoc or Ph.D.
student position, let me know!

'.; nohyung@hanyang.ac.kr
Thank you

— A\
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Our World is Not Easy.

« Confounding Effect and Data

Full Population, N = 52 Men (M), N = 20 Women (M), N = 32
Success Failure Success Success Failure Success Success Failure Success
(S) (—S) Rate Rate Rate
Treatment 20 20 50% 8 5 =~ 061% 12 15 ~ 44%
(T)
Control 6 6 50% 4 3 = 37% 2 3 ~ 40%
(—T)

TaBLE 1: Simpson's Paradox: the type of association at the population level (positive, negative, independent) changes
at the level of subpopulations. Numbers taken from Simpson’s original example (1951).

(Simpson’s Paradox)

https://plato.stanford.edu/entries/paradox-simpson/
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Information Theory for Machine Learning

* Information-theoretic approach (method, ...)

— A machine learning algorithm that uses the formulation from
iInformation theory

* Information theory

— A theory about the amount of information accumulated when
we observe a sample

— In machine learning, we are interested in constructing a
“system” that an observation of a test sample has the
Information about the prediction target as much as possible.

« Applications
— Loss functions (cross entropy loss)

— Ciriteria for finding representations (dimensionality reduction,
information bottleneck, decorrelation...)
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Probability /Observation/Information
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Entropy and Observation
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Partial Observation
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Mutual Information
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Kullback-Leibler Divergence
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Kullback-Leibler Divergence
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Kullback-Leibler Divergence
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f-Divergences
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f-Divergences
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f-Divergences
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Reparametrization-free Measure
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Role of Loss

A

* L(Data): Empirical loss
— Consider two separate roles
* (1) Find the true posterior for given features
* (2) Improve the features (or representations)

« Optimizing f-divergence already encompasses the
result of the first role of optimizing L(Data)

« Use f-divergence in case we are interested in (2)
without performing (1).
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Loss function

« Optimal g with convex ¢
Ply=1|x) =1
Py =-1|x) =0

Py = 1|x)
Py = —1|x)

x_
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Margin-based
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Ex) Loqgistic Loss (Cross Entropy)
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p,xi)
/v,\- > ' ,‘? ’;I + V- Io L“
”Nva?r&F—\ ;l[H-[:\\') PitP-i g('H- F_rl\)
4! ;=

« We can generalize that a loss function with an optimal
prediction function is related to its corresponding f-
divergence. (Many to one relationship)
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Loss functions - f-divergences

A

Cross entropy loss

Mean-square loss

Nearest neighbor
classification
Bayes classifier

Large-margin loss
(hinge loss)

Jensen-Shannon
divergence

Le Cam distance

(Triangular Discrimination
. distance)

Total variation
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Nearest Neighbor Density Functional Estimation
From Inverse Laplace Transform

J. Jon Ryu

, Student Member, IEEE, Shouvik Ganguly™, Member, IEEE, Young-Han Kim™, Fellow, IEEE,

Yung-Kyun Noh™', Member, IEEE, and Daniel D. Lee, Fellow, IEEE

Abstract— A new approach to L:-consistent estimation of a
general density functional using k-nearest neighbor distances is
proposed, where the functional under consideration is in the form
of the expectation of some function f of the densities at each
point. The estimator is designed to be asymptotically unbiased,
using the convergence of the normalized volume of a k-nearest
neighbor ball to a Gamma distribution in the large-sample limit,
and naturally involves the inverse Laplace transform of a scaled
version of the function f. Some instantiations of the proposed
estimator recover existing k-nearest neighbor based estimators of
Shannon and Rényi entropies and Kullback-Leibler and Rényi
divergences, and discover new consistent estimators for many
other functionals such as logarithmic entropies and divergences.
The Lz-consistency of the proposed estimator is established
for a broad class of densities for general functionals, and the
convergence rate in mean squared error is established as a
function of the sample size for smooth, bounded densities.

Index Terms— Density functional estimation, information mea-
sure, nearest neighbor, inverse Laplace transform.

I. INTRODUCTION
HIS paper studies the problem of estimating an entropy
functional of the form

§ Hanyang University
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where f: R, — R is a given function and p is a probability
density over R?. Table I lists examples of f and the corre-
sponding functional 7. The goal is to estimate 77 (p) based
on independent and identically distributed (i.i.d. ) samples
}51:m = (X1,...,X;,) from p by forming an estimator
T (X1:m) that converges to Tr(p) in Lz as the sample size
m grows to infinity, that is,
: - 2
Jim E[(17(Xim) — T5(9)"] = 0.

More generally, let f: Ry x Ry — R and consider a

divergence functional

T¢(p,q) := Exmp[f(p(X),Q(X))F/ f(p(x). ¢(x))p(x) dx

of a pair of probability densities p and ¢ over R?. Table II lists
examples of f and the corresponding T's. In this case, the main
problem is to construct an estimator 'f;“'n(Xl:nl, Y1.,) based
on i.i.d. samples X;.,, from p and Y.,, from g, independent
of each other, such that

B~ Advanced Study
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Typical Set

« Asymptotic Equipartition Property
— The probability of generated data

X1y---73 XN Np(X)

1
— log p(x1,...,xn) — H(x) inprobability
(weak law of large numbers)

Typical set AEN ): Set of sequences X1, - - . , Xy € X with condition

For any 0, there exists IV s.t. Pr(AgN)) >1-—9.
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Typical Set

¢ (x1,...,xn) € AW

1
—  H(x)—e< —NIOgP(Xh---;XN) < H(x) + e

e Pr(A™)) >1—¢ forN sufficiently large

Because 0 in previous page is any positive value

o |AW)| < NU(x)+e)  for any N

o AW > (1 — €)eNHE) =) for N sufficiently large
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Pr ((}(17 .. 7XN) :]3(}(17 .. 7}(]\f) — e—N(H(X)iE))

About 2¥H number of elements have almost equal

probability
~ oO—NH
p(xX1, ..., XN) = 2
550 ,
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Nearest Neighbor Algorithms
in High Dimensions

Theory and practice

Cambridge University Press

Yung-Kyun Noh & Masashi Sugiyama
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